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1. Introduction

ThEe simplest rationing problem is, most likely, one in which there is a cer-
tain supply of a homogeneous good, coming in indivisible units, and a set
of agents demanding one unit of the good each, where the number of
agents is larger than the available units of the good. Different examples

of this situation are the college admission problem, when the number

of students is larger than the places available, the allocation of grants
among students, the demand for tickets for a performance, the problem of
the demobilization of soldiers in a war, or the case of waiting lists for surgi-
cal operations.

In many cases, what we face is a static problem: at a single point in
time both demand and supply of a certain good appear, and this situation is
one-shot as, for example, in the college admission problem. Here, we
should simply identify the subset of agents who will enjoy one unit of the
good each. In other circumstances, nonetheless, there are different time pe-
riods in which supply and demand for the good are generated, and agents
that were not served at one period may still demand the good in a future pe-
riod, as in the case of surgical operations, vacancies in old peoples’ homes, etc.
In this case, then, we face a dynamic problem, and solving it means identi-
fying, at any point in time, the subset of agents that should enjoy the good.
In both cases we are interested not in solving a single problem, but in get-
ting a general procedure, or rule, to solve any problem. Furthermore, we
would like our rules to fulfil procedural or ethical properties, that is, we want to
apply an axiomatic method.

We can model the previous situation in the following way: agents come
to a counter to ask for one unit of the good, and they are registered at the
counter. At a time {, we have the set of agents N, registered at the counter.
Now, a planner considers the agents in N,, and then he decides which of
them, S, should be served at time . At time ¢+ 1 a new set of agents demand-
ing the good, N,, 1,is under consideration, and the planner decides which
of them, §,, ;, should be served, and so on. Notice, nonetheless, that in the
dynamic setting, if (N;\S,) N N, ; # @, some interconnections should ap-
pear in the way the planner decides on the sets of agents to be served within
N,and N, , respectively.
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An easy way of solving the previous problems is by using the principle
of first come, first served. According to this principle, agents are registered by
their arrival order, and the planner just keeps this order to serve the agents,
as in the supply of tickets for a theater performance. Nonetheless, this
principle is not always sound in ordering the agents when there is a short-
fall in supply. For instance, in the college admission problem, the qualifi-
cations of the students plays an important role, or in the management of
waiting lists for medical attention, considerations of urgency, health deteriora-
tion, etc. are generally taken into account. That is, sometimes there are char-
acteristics of the agents, other than their arrival order, that should be consid-
ered in order to decide who should be served first.

By considering all possible combinations of the relevant characteris-
tics for the particular problem at hand, we have, instead of agents, labels or
types that can be attached to real agents when they come to the counter.
What we can do is, instead of considering the problem of ordering the ac-
tual set of agents we face at any point in time, just to order the #ypes we face.
A planner is impartial if he does not look at the agents themselves, but only
takes into account their types when ordering them.

The consideration of types gives rise, normally, to multiple allocations.
The idea of an allocation criterion (instead of allocation rule) responds to this fact.
Again, we are not interested in solving (even by a multiplicity of allocations) a
single problem, but in obtaining appropriate procedures to solve any problem.

Finally, out of an allocation criterion, we would like to select a single
allocation, again under general circumstances, and in doing so fulfill the
nicest properties possible. And this should be done both in the static and in
the dynamic cases.

In this working paper we analyze these types of situations, and select,
both in the static and intertemporal settings, allocation rules and allocation
criteria fulfilling a set of natural properties. Basically, our selected rules
function according to different linear orders on the set of agents (either
those present in the problem at hand, or the set of all potential agents).
Allocation criteria come from a linear order on the set of types, not enough
to fully select the set of agents to be served. Thus, what we should do in this
case is to effectively select the set of agents to be served by using as subsidi-
ary a preestablished order on the set of agents.

The dynamic case also considers properties of stationarity and seniori-
ty, namely, some sort of time consistency and priority of those agents going
from one period to the next. This implies that the set of types should
always be ordered in the same way, across time, and that agents should be
subsidiary, ordered by their arrival time.
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In the particular case of hospital waiting lists there is a general con-
sensus on the two aspects that should be taken into account when managing
the lists: clinical priority and date in the list (see Hador and The Steering Com-
mitte of the Western Canada Waiting List Project, 2000; Walterturnbull,
2005; Norfolk and Norwich University Hospital Patient Access, 2005; Mart,
2002). Also stressed is the need for reevaluation of patients in the list since their
clinical situation may vary while waiting (see Cochrane, 1999; Kelly, 2001;
Bernal, 2002). When looking for theoretical approaches to the problem,
nonetheless, there are not many references. Young (1994) presents a theo-
retical model for the static case, but no theoretical model exists, to the best
of our knowledge, addressing the dynamic situation.

The working paper is structured as follows. In section 2 we analyze the
static case, and in section 3 the intertemporal framework. An example of order-
ing types by means of a point system is considered in section 4, followed by
comments and final remarks in section 5.



2. Formal Model I:
At a Point in Time

2.1. Allocation rules

There is an infinite set of potential agents, N. Let us call IS the family of all
finite subsets of N. Let us call N the set of posive integer numbers. Time is
measured in discrete units, =1, 2, ... In this section, we consider the time
period fixed. For the sake of simplicity, from now on, we will omit the sub-
script ¢. Consequently, we are now at a static framework.

A problem is a pair (N, s)e FSx N, such that # N> s, where Nis inter-
preted as the set of agents who demand the good, and sis the number of
available units of the good, or, alternatively, the number of agents that can
be served. Let Pbe the set of all possible problems. We face the problem of
selecting, for any problem, the set of agents that should be served. This idea
amounts to defining the concept of solution or allocation rule.

Allocation rule. This is a function F: P— FSsuch that two conditions are fulfilled:

F(N,s)c N, (2.1)
and
#F(N, s)=s. (2.2)

That is, a solution specifies, for any possible problem, how to allocate
all the available units of the good among the agents present in the problem.
The first property we would like an allocation rule to fulfill is the following:
Suppose that for a particular problem (N, s), the rule prescribes that some
group of agents A should be served. Suppose now that the available units of
the good decrease, namely, instead of the problem (N, s), we face the prob-
lem (N, '), with s’ < s. Then, in the new problem we should serve a subset of
the previously served agents, namely, F'(N, s’)  A. The fact that now
there is less amount of the good available should not favour those agents not
previously served. We shall call this property resources monotonicity, in line
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with similar properties in other contexts, the common idea being that, un-
der a change in the available resources, all agents should be affected in the
same direction: if resources increase, nobody should be worse off, or, sym-
metrically, if resources decrease, nobody should be better off. This principle
has been extensively applied to different allocation models (Curiel, Masch-
ler and Tijs, 1988; Young, 1987; Thomson, 1995; etc.).

Resources monotonicity. For any two problems (N, s), (N, s') € P, with the
same set of agents, if s’ < s, then F (N, s’) c F (N, s).

Supose now that, for any finite set of agents, Ne F, we have a linear
order >yon N, namely, > is a complete, irreflexive and transitive relation
on N. Call > (N)= (a, ao, ..., a,) a permutation of the elements in N, or-
dered according to >, thatis, a; >y @ >y ...>y @,. Now, for any Ne FSand
for any integer number s> 0, let us call s (N, >,) ={a,, ..., a} the set of the s
first elements in > 5 (N). Then, we can define a rule in the following way:
Forall (N, s)e B F(N, s)=s (N, > ). Rule Fsimply assigns the available units
of the good to the sfirst agents, according to the order > It is immediate
to check that rule Fsatisfies resources monotonicity. The next result says
that if we want a rule to satisfy resources monotonicity, we have to serve the
agents in every N, according to some linear order.

Theorem 1. An allocation rule I satisfies resources monotonicity if for all N € ES there is
a strict oxder > y; on the set N, such that I’ (N, s)= s (N, > ) for all (N, s)e P.

Proof. It suffices to prove the if part. Let F'be a rule satisfying resources
monotonicity, and let Nbe a set of agents. Consider the following order >
defined on N: ¢, = F (N, 1), and let a;= F (N, i)— F (N, i — 1). Since Fsatisfies
resources monotonicity, @, >y @ >y ...>y @, _1 > y @; > y... is a linear order
on N. Now, by construction, I (N, s)= s (N, > ).

Now consider two principles, involving changes in the set of agents.
The first one, consistency, says that solving subproblems should be done
according to the way we solve larger problems. The second one, population
monotonicity, says that the arrival of new agents without an increase in the re-
sources should not favor those agents present in the first problem that were
not served before. Again, these principles have been extensively applied to
allocation problems (see Thomson, 1995, 1996).

Consistency. For all (N, s)e Eforall Ac N, F(A, k)= AN F(N, s), where
k=#[ANF(N,s)].
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Population monotonicity. For all (N, s), (1, s)e B such that Nc T, F (1, s) N
Nc F(N, s).
Now, we have the following result:

Theorem 2. An allocation rule I is either consistent or population monotonic if
there is a strict order > on the set N of potential agents such that for all (N, s)€ P,
F (N, s)=s (N, > ), where > stands for the restriction of > to the set N.

Proof. Obviously, whenever there is a strict order to the set of potential
agents, it induces a strict order in any subset N. Furthermore, if we define
F (N, s)=s (N, >), and now consider a subset A C N, on the set A, then >,
coincides with the restriction of > to the set A, and thus, Fsatisfies both
consistency and population monotonicity.

Reciprocally, let F¥ be an allocation rule, and a, b € N. Define
a>be F(la b, 1) = {al. We see that when Fis either consistent or popu-
lation monotonic, the order > defined this way is a strict order on the set of
potential agents N. In fact, it is enough to prove that > is transitive. Let
a, b, ¢c, e Nsuch that a > b, b > ¢. This means that F ({a, b}, 1) = {a};

F({b, ¢}, 1) = {b].

Suppose first that I is consistent, and consider the problem ({a, b, c/, 2).
It cannot be that F ({a, b, ¢/, 2) = {a, ¢}, since it would imply, by consis-
tency, that ' ({b, ¢/, 1) = {c/, against the hypothesis. Similarly, it cannot be
that I ({a, b, ¢/, 2) = {b, ¢/, since again by consistency, I ({a, b}, 1) = {b}.
Thus, F({a, b, ¢/, 2) = {a, b}, and again, by consistency, F ({a, ¢/, 1) = {a/,
iLe., a> c

Now, assume instead that F is population monotonic, and consider
the problem ({a, b, ¢/, 1). It cannot be that I ({a, b, ¢/, 1) = {b}, since it
would imply, by pop-monotonicity, that F ({a, b}, 1) = {b}. It cannot be,
either, that ' ({a, b, ¢/, 1) = {¢/, because it would imply, again by pop-mono-
tonicity, that F ({b, ¢/, 1) = {¢}. Consequently, F'({a, b, ¢/, 1) = {a}. Thus, by
population monotonicity, F' ({a, ¢/, 1) = {a},i.e., a> .

Now it can be seen that for all (N, s)e P, F(N, s)=s (N, >y), where >,
stands for the restriction of > to the set N.

Theorem 2 states the equivalence between consistency and population
monotonicity for these sorts of allocation rules, apart from characterizing the
rules satisfying these properties. Furthermore, it states that consistent (and
therefore population-monotonic) allocation rules also satisfy resources
monotonicity, a less demanding property.

10
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2.2. Types. Priority. Allocation criteria

An obvious way of ordering the agents in any particular problem is by their
arrival order. But taking only the arrival order into account is not always a
sound way of serving the agents. In many cases, some characteristics of the
agents are considered as relevant for allocation purposes. For example, in
the college admission problem, it could be relevant to take into account the
qualifications of the students in several fields, the secondary school they
come from, etc. In the allocations of grants, apart from previous informa-
tion, the family income also could be relevant. In the health care provision
problem we may consider urgency, health deterioration, likelihood of recov-
ery, age and comorbidity, etc. Those characteristics allow us to classify
the agents into lypes. Let I’ be the set of types. Consider now the function
7: N— I, so that T (a)is the type of agent a. We shall assume that 7 is ex-
haustive, namely, for any typet € 1, 3 a € N such that (a)= . By classify-
ing the agents into types, we avoid considerations other than those relevant
to the assignment problem. Namely, if two agents, a, bare such that t (a)=7 (b),
we may interpret that a and b, if present in a problem, are indistinguishable
to the planner, according to their relevant characteristics.

Now, the classification of agents into types is done because not all types
should have an equal right to be served. Consequently, a way of comparing types in
this respect is called for. Namely, we have to define a relation p for the set of
types 1 so that for all r, 7" € 1, tot”if and only if an agent of type T has at least
as much right to the good as an agent of type 7. Relation p, normally known as
a priority relation, is complete and transitive, namely, it is a weak order on the set
of types I’ Of course, p also induces a weak order on the set of agents in the
obvious way: qob < 7 (a) et (b). Since relation p induces only a weak order on
the set of agents, it is not enough to provide them with a linear order. Ob-
viously, out of the priority relation p, we can construct the strict priority relation g,
so that 75t" < 1o’ and not v~ pt. Analogously, the similar priovity relation g, so that
157’ & 1o7 and Tet. Whenever two types T, 7" € 1" are such that 151" < type T
has a strict priority over T’. If 7or’, for any tipes T and ', we say that they are in a par.

A priority relation on the set of types can help us design an alloca-
tion rule, but it is not enough to do so. When we use a priority relation p to
build up a rule, it is because we want our rule to assign the available units of
the good to those agents with the highest priority. As a consequence, if we
face a problem (N, s), and it turns out that by only looking at the agents’
types we can identify exactly sagents SC N, so thatif a€ S, and be N\S, it
always happens that 7(a) ot (b), then our prescription should be F' (N, s) = S.

11
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But if we have too many agents in a par, then the priority relation p by itself
is not enough to completely describe the allocation rule. In such cases, o
only can identify a set of different allocations, all of them equally fair, but is
unable to unambiguously select one of the aformentioned allocations. Con-
sequently, what we can do, instead of constructing an allocation rule, is to
construct what is normally called an allocation criterion.

Allocation criterion. This is a set valued mapping @: P —— FSsuch that for
allAe @ (N, s),

Ac N, (2.3)
and

BA=s (2.4)

An allocation criterion selects, for every problem, the set of fair
allocations for such a problem. As a consequence, @ (N, s), does not
identify the set of agents to be served, but it identifies several sets of possible
groups of agents to be served, all of them equally fair according to the types
chosen.

Whenever we have a priority relation p, we can define an allocation
criterion by selecting, for any problem (N, s) € P, all allocations with exactly s
individuals each, all of them with higher (or equal) priority than any of
those left out of that allocation. Namely, we can define @, as follows: for all
(N,s)e PR®P? (N,s)={AcC N: #A =s,and qob, forall ae A all be N\AJ.

Now, we shall consider properties our allocation criteria should satisfy.
The first one corresponds to the idea of impartiality: what matters is the type,
and not the name, of any agent involved in a problem. An allocation crite-
rion @ is said to be anonymous if it selects fair allocations according only to
the relevant data (type) and not to the names of the agents.

Anonymity. Let (N, s), (N, s) € Psuch that # N= # N’, and there exists a
one-to-one function 6: N— N, with T (8 (a)) =7 (a), for all ae N. Then,
forall Ae @ (N, s), we have that 60 (A)e @ (N, s).

An allocation criterion selects, for any problem, a group of fair alloca-
tions. If an individual belongs to all of those allocations, he will be served for
sure. If not, the relative number of fair allocations to which he belongs
somehow measures his relative right to be served, in that particular
problem, according to the allocation criterion. For an allocation criterion @,
for any (N, s)e B and for any agent a€ N, call a? [a; (N, s)] the number
of allocations in @ (N, s) containing a over the total number of allocations
in @ (N, s).

12
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Relative right. Of agent a € N, in problem (N, s) and allocation criterion @,

(e (N, 9] #{Ae @ (N,s):aec A}
a®[a; (N, s)] = .

#{Ae @ (N,s)/

Suppose that an individual leaves the problem. It would not be fair
that, because of that individual leaving, any of the remaining agents strictly
decreases his relative right. On the contrary, it should be fair that the rela-
tive right of all remaining individuals weakly increases. An allocation criterion
is said to be monotonic with respect to the population if whenever an individual
disappears from a problem, everybody else’s right weakly increases. Notice
that, again, we use the principle of population monotonicity in this context
under its general meaning, namely, if an agent disappears from a problem,
nobody should suffer; simmetrically, if a new agent appears in a prob-
lem, nobody should benefit.

Population monotonicity. Let (N, s), (N, s) € Psuch that N'c N. Then, for
allbe N,

a? [b; (N', s)]Za® [b; (N, s)].

It is immediate to check that the allocation criterion constructed out
of a priority relation, ¢, is anonymous and pop-monotonic. The next result
says that those are the only allocation criteria fulfilling these properties:

Theorem 3. An allocation criterion @ is anonymous and population-monotonic if there is
a priority relation o on the set of types, X', such that® (N, s)=@° (N, s), for all (N, s)€ P

Proof. Let @ be an allocation criterion fulfilling anonymity and population
monotonicity. Because of anonymity, all problems involving the same group
of types are solved identically. Construct now the following relation on
Y:forallt,t” € 1, 10t" & T ab € N,such thatt (a) =7, 7 (b)=7', and
D ({a, b}, 1) = {a} or either D ({a, b}, 1) = {{a}, {b}}.

Let us prove that g is a priority relation. Forallt, t'e 1,3 a4, be N
such that t (a) =7, and t (b) = 7. Then, we have the following possibilities:
(@) D ({a, b}, 1) = {a}, and thus tot’, (b) @ ({a, b}, 1) = {{a}, {b}}, and ToT’,
or (c) @ ({a, b}, 1) = {b}, and thus tot. By anonymity, the same holds true
independently of the agents chosen. So, o is complete.

Now, let 7, 7/, 77 € 1" be such that tpot” and tot”. Let @, b, ¢, € Nsuch
thatt (@) =7, 7 (b) =7, and 7 (¢) =t”. Suppose that it is not true that tpt”,
namely, D ({a, ¢/, 1) = {c}. Then, by pop-monotonicity, D ({a, b c} 1) only
has two possibilities, it is either @ ({a, b, ¢}, 1) = {c}, orelse, D ({a, b, ¢}, 1) = {b}.

13
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In the first case, and again, by pop-monotonicity, @ ({c, b}, 1) = {¢}. But
then it is not true that t/ot”, against the hypothesis. In the second case,
@ ({a, b}, 1) = {b}, contradicting Tot". Consequently, o is transitive, and there-
fore it is a priority relation. It is straightforward to check that @ = @r.

Another proceduraly interesting property for allocation criteria is
pairwise consistency (Young, 1994). It informally says that when distributing
a single unit among two agents it has to be done according to the way we
distribute a larger number of units in a larger set. Formally,

Pairwise consistency. For all g, b, € N, all A € Fsuch that {a, b/ C A,
forall Ce @ (A, 1),with CN {a, b}, Ce @ ({a, b}, 1), (2.5)

and
forallDe @ ({a, b},1),all Ce @ (A, 1),
with C {a, b} =@, (C\ {a, b)) UDe ® (A, 1). (2.6)

It is immediate to check that the allocation criterion constructed out
of a priority relation, @¢, is anonymous and pairwise consistent. The next re-
sult says that those are the only allocation criteria fulfilling these properties:

Theorem 4 (Young, 1994). An allocation criterion @ is anonymous and pairwise
consistent if there is a priority relation o on the set of types, ', such that @ (N, s) =
=®7 (N, s), forall (N, s)€ P.

Proof. Let @ be an allocation criterion fulfilling anonymity and pairwise
consistency. Because of anonymity, all problems involving the same group of
types are solved identically. Construct now the following relation on I’: for all
7,7,€ 1, tot' <3 a be N, such thatt(a)=7,7 (b)=7" and @ ({a, b}, 1) = {a}
or either @ ({a, b}, 1) = {{a}, {b}}.

It was proven in theorem 2 that this relation is complete, because of
anonymity. We now see that it is also transitive. Let 7, 7/, t” € 1" be such
that tot” and tot”. Let @, b, ce Nsuch thatt(a)=7,7 (b)=7,and t (¢) =7".
Suppose that it is not true that tot”, namely, @ ({a, ¢}, 1) = {c}. Consider
the problem ({a, b, ¢}, 1). It cannot be that {a} € @ ({a, b, ¢}, 1), since in
such a case, pairwise consistency will imply {a} € @ ({a, ¢/, 1). Suppose
that {b} € @ ({a, b, ¢}, 1). Then, by pairwise consistency, (b} € @ ({a, b}, 1).
But in this case, also {a} € @ ({a, b}, 1), and then {a} € @ ({a, b, ¢}, 1).
Suppose, finally, that {¢/ € @ ({a, b, ¢/, 1). Then, by pairwise consistency,
{c} € D ({b, ¢/, 1). But then also {b} € @ ({b, ¢}, 1), and then {b} e D ({a, b,

¢/, 1). Contradiction. Consequently, o is transitive.

14
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Theorems 3 and 4 show that there is an important parallel between
pairwaise consistent allocation criteria, population monotonic allocation cri-
teria, and rational choice, in the presence of impartiality. That is, if an im-
partial allocation criterion treats agents consistently or respecting popula-
tion monotonicity, then pairwise decisions can be rationalized by an
ordering. Under impartiality, population monotonicity and pairwise consis-
tency are equivalent.

2.3. Allocation rules compatible
with an allocation criterion

Given an allocation criterion @, an allocation rule compatible with @ is nothing
but a selection of @, namely, a function F: P— FSsuch that for all (N, s)e P,
F(N, s)e @ (N, s). To construct an allocation rule compatible with an alloca-
tion criterion we need a breaking ties rule, in order to choose one of the
fair allocations prescribed by @, whenever @ (N, s) is multivalued. We may
choose any way of breaking ties, as for instance, by coin toss, or any other
probabilistic device. Alternatively, we may choose any preestablished linear
order on the agents in N: Passport number, date of birth, name, or more in
line with the idea of rights, in the case of waiting lists, arrival order.

Let (N, s) be a problem such that @ (N, s) is multivalued. Then, we
have two types of agents: those with a full right to be served, namely those
a€ Nsuch thata? [a; (N, s)] = 1, and those who do not have a full right to be
served, namely those b € Nwith a® [b; (N, s)] < 1. Thus, N= A U B, where
A={ae N:a®[a; (N, s)]=1},and B={be N:a®[b; (N, s)] < 1}. Then, we have
the following result:

Proposition. If @ is an anonymous and population-monotonic allocation criterion,
then, for all b, b’ € B, a® [b; (N, s,)]=a® [V; (N, s,)].

Proof. By theorem 3, if @ is anonymous and population-monotonic, there is
a priority relation p, such that @ = @. Let b, " € B. Then 7 (b), pt (¥'), and
consequently, for all A€ @ (N, s)such that b € A, there exists another
A" € @ (N, s)such that " € A". Consequently,

#{Ae O (N,s):be Aj}=#{Ae @ (N,s): V' € A},

and thus,

a [b; (N, s,)]=d" [b'; (N, s,)].
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Now, suppose that we have an order in N, > ,, and let us order the
agents in Baccording to > y, namely, take > y (B)= (b, > 5, b > n ... > 5 bg),
and let be C;= (b1, ..., b,;) the set of the ith first agents in B according to > .
If # A = u, then we choose the allocation: AU C; —u. This amounts to defin-
ing the following allocation rule:

(Dt (N, s,) # (Dt (N, s)=1

F2\(N;s) = .
AV C,—u #®, (N,s)>1

F?  is, by construction, a resources-monotonic allocation rule compatible
with @. The result, nonetheless, is stronger. Any resources-monotonic allocation
rule compatible with @ is of the previous type.

Furthermore, if, instead of some specific order for any set, we consid-
er a linear order > on the set of potential agents, N, and, for any particular
agents set, N, the restriction of order > to the set N, we get an allocation
rule compatible with @ that also satisfies consistency and population mono-
tonicity. The next results say that this is the only way of selecting allocation
rules out of anonymous and population-monotonic (or pairwise consistent)
allocation criteria fulfilling the desired properties.

Theorem 5. Let @ be an anonymous and pop-monotonic allocation criterion, and let
F be an allocation rule compatible with @. Then, F satisfies resources monotonicity if
Jor all N € F there is a strict order > y on the set N, such that F (N, s) = F2 (N, s),
Jorall (N, s)e P.

Proof. It follows directly from theorems 1 and 3.

Suppose now that we have a linear order > in the set of potential
agents, N, and, for any problem (N, s) € P, we take F (N, s) =F2 y (N, s),
where > 5 stands for the restriction of > to the set N. Such an allocation
rule is consistent and population-monotonic. Furthermore, those are the
only rules fulfilling those properties compatible with @.

Theorem 6: Let @ be an anonymous and population-monotonic allocation criterion,
and let F be an allocation rule compatible with @. Then, F is consistent if there exists
a strict order > in the set of potential agents N, such that FF (N, s) =F 2 V(N s), for
all (N, s) e B, where > y stands for the restriction of > to the set N.

Proof. It follows from theorems 2 and 3.
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3. Formal Model II:
Intertemporal
Problems

LET us consider now a stream of problems, one arising at any period of
time. Assume, furthermore, that we consider a certain time horizon, name-
ly, we would like to solve all possible problems arising from ¢t=1upto t="T.
An intertemporal problem is, then, a sequence of problems, each of them dated
at a specific period ¢, namely, {(N, s)}/_1 € FSx N'. Let P" be the set of all
possible intertemporal problems. We also look now for solutions to solve
any intertemporal problem. This gives rise to the concept of allocation rules
in this intertemporal setting.

Allocation rule. This is a function F:p” — F', F [{(N, s,)}{_1]1 =11]_| F, (N, s,),
such thatforall ¢t =1, ..., T,

F (N, s)c N, (3.1)
and
#E (ZV/: St) =S (32)

An allocation rule, then, specifies how to allocate the available amount
of the good at any time in any particular stream. Consequently, any of the
components F, are nothing but allocation rules at ¢ each. Now we can ex-
tend the idea of resources monotonicity for intertemporal problems.

Resources monotonicity. For any problem /(N s,)/{_,, for any ¢, if Fi. (Ny, $)= S,
and {(N, s;)}!I_, is such that (N, s,) = (N, s}), t< {, Nx= N, and
S < Sp, then Fy (N, s7%) C Sp.

In other words, F'is resources-monotonic if all its components, F; are
resources-monotonic. We then know (by theorem 1) that Fsatisfies re-
sources-monotonicity if for every problem {(N, s,)}{_;, every ¢, and every N, a
linear order on N, >y exists so that F; (N, s,) =5, (N, > y,).

Similarly, population monotonicity and consistency can be considered
in this setting.
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Population monotonicity. For any pair of problems {(N, s,)}/_;, and
{(N}, s)}{-y, forany £, if (N, s,) = (N}, 87), 1< (', Np © Ny, and s = s, then
B (Npey $¢) O Ny © B (N g, 52).

Consistency. For any pair of problems {(N, s,)}!_, and {(N, s;)}!_,, for
any ¢, if (N, s;) = (N}, s}), 1<, Nu C Ny, and s =# [Nx O Fp (N, 5],
then F. (Np, sx) N N C Fe (Ng, $p).

Again, an intertemporal allocation rule is population monotonic
and/or consistent if all its components are, respectively, population mono-
tonic and/or consistent. Because of theorem 2, this happens if for every ¢,
a linear order on the set of potential agents N exists, >, so that F, (N, s;) = s,
(Ny > ).

Furthermore, and if for all (=1, ..., 7, we have a set of types at t, I, we
can define the idea of allocation criteria.

Allocation criterion. This is a setvalued mapping @ : o — — FT, @ [{(N, s)}{_] =
=II7_, @, (N, s,) such that for all ¢, and all A,e @, (N, s,),

A,c N, (3.3)
and

#A,=s. (3.4)

Namely, an allocation criterion @ [{(N, s,)}i_1]=11]_; @, (N, s,) selects
the family of fair allocations for that stream. Consequently, the compo-
nents of @, @, t =1, ..., T, should be nothing but allocation criteria at ,
fort=1, 2, ..., T, each.

The anonymity of an intertemporal allocation criterion is defined so
that each of its components are anonymous, i.e., they select the agent
according to their type at any ¢, and not according to the agents’ names.

Given an allocation criterion @, any problem P = {(N, s,)}I_,, and any
agent a € N, we can define the relative right of agent a in problem F, at time t,
and allocation criterion @:

#{Ae @O, (N, s,):ac A}

® 4 Pl =
o [a; P] #{A € (pt (N, s,)}

Now, population monotonicity of an intertemporal allocation crite-
rion is defined so that all its components are population-monotonic. We
then know (by theorem 2), that if we want an allocation criterion @ to be
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anonymous and population-monotonic, there are priority relations o, on I’,
so that @, (N, s,)= @ (N, s,).
The reason to consider a problem over time is twofold:

I) since we are dealing with scarcity situations, some individuals will
be present at subsequent problems in time, and it seems fair to
take this fact into account;

IT) because of previous fact, some sort of stationarity in the way of sol-
ving subsequent problems is required.

First, notice that since the set of types at any ¢is made by selecting
some characteristics of the agents that are considered relevant for alloca-
tion purposes, it seems reasonable to keep it constant across time, namely,
I',= T, for all . Note, nonetheless, that the type of a particular agent may
change across time, so it is important then to consider 7,: N— 1.

Suppose that we keep the set of types fixed, 1’, across time, and let
a, b, be two agents such that, within some stream, {(N, s,)}{_,, are present
(i.e., demanding one unit of the good each), both at time ¢and at time ¢+ 1,
namely a, be N, N,,;. Suppose furthermore that agents ¢ and b keep
their types constant from ¢ to ¢+ 1. Then, it seems reasonable to ask their
relative right to keep their order relationship, i.e., if at time ¢ the relative right
of agent ais larger than that of agent b, the same should happen at time ¢+ 1.

Stationarity. For any problem {(N, s,)/!_, € p” for any ¢, for any pair of
agents, a, b, if @, be NuxN Ny 1, and Tx(a) =T, ((a), T;x(b) =75, 1(b), then
a® [a; (N, sp2)] < a® [b; (Npsy sp)] i a®¢ 1 [a; (N, sy 1 )] <P [b; (N 1,
Spxy 1)]

The following result says that if we want an allocation criterion to sat-
isfy stationarity, we should keep the priority relation constant across time.

Theorem 7. An anonymous and population-monotonic allocation criterion @ is sta-
tionary if there is a priority relation o on the set of types, X', such that @,= @, for all
t=1,.., T.

Proof. Since @ is anonymous and population-monotonic, forall t=1, ..., T
there exist priority relations p, such that @, = @”. Suppose that we have sta-
tionarity. Then, we have to see that p, = o, for any two values of . Suppose
that oy # 0. Then, there exist two types, T, 7', such that to,7’, and 3,7. Let
a, bbe two agents such that 7 (a)=ts(a) =T, 7,(b) = To(b) =7". Now, we can
construct a problem such that M, = {a, b, ¢/; sy =1, Ny = {a, b}, s, =1, where
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7,(c)=7. Since F; = @, a® [a; (N, 5,)] =a® [c; (N}, s,)] = a® [b; (N}, s,)]. Since
E= D2, 0% [a; (Ny, 55)] <a®2 [b; (N, s,)], against stationarity. Thus, o, = py. In
a similar way we get thatpo; = ... = o,

Finally, we may think of a sensible way of selecting allocation rules out
of a particular allocation criterion, across time. By theorems 5 and 7, we
know that if @ is an anonymous, population-monotonic and stationary alloca-
tion criterion, and Fis an allocation rule compatible with @, then, Fsatisfies
resources monotonicity if for all 7, and for all N,e Fthere is a strict order >y,
on the set N, such that £, (N, s,) = Fn, (N, s,), for all {(N, s,)}I_, € o".

Similarly, by theorems 6 and 7, we know that if @ is an anonymous,
population-monotonic and stationary allocation criterion, and Fis an alloca-
tion rule compatible with @, then Fis consistent if for all ¢, there exists a
strict order >, on the set of potential agents N, such that F, (N, s,) =F%, (N, s,),
forall {(N, s)}{_1 € p".

Let {(N, s,)}{_, be a problem, and let { be a point in time, #. Call A
the set of agents that, being present at time ¢, were not served at ¢, and are
still present at ¢ + 1, waiting to be served, namely, A = Njx,; N N« Suppose,
furthermore, that s+, | <# A, and forall ae A, be N, 1\A, v(a)ot(b). Then,
agents in A should be served first at £ + 1. This idea amounts to defining
allocation rules fulfilling seniority:

Seniority. For any problem {(N, s)}/_, € p’, forany ¢, if A= Ny, N N,
Spp1<#HA andforallae A, be Ny, (\A, t(a)ot(b). Then, Fj, | (Nyxi1, Spy1)
c A

We may ask if, given an allocation criterion that satisfies anonymity,
population monotonicity, and stationarity, it is possible to construct a con-
sistent allocation rule compatible with the allocation criterion satisfying se-
niority. The answer is negative, that is, we cannot find a consistent rule com-
patible with the allocation criterion satisfying seniority.

Theorem 8. There is no consistent allocation rule compatible with an anonymous,
population-monotonic and stationary allocation criterion.

Proof. Let @ be an allocation criterion that satisfies anonymity, population
monotonicity, and stationarity, and F'a consistent allocation rule compatible
with @. We know that for all ¢ there exists a strict order >, on the set of po-
tential agents N, such that £, (N, s,)= F%, (N, s,), for all {(N, s)}!I_, € p".
Consider now a point in time, £, and three agents, a, b, ce Nsuch
that &>, a, and let {(N, s,)}{_; be a problem such that (N, s+)= [{a, ¢/; 1],
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and (Nj, 1, $+41) = [{a, 0]; 1}, and, moreover, T,+(¢) 0T (@)= T, (@) =T, 1(b).
In such a case, we have that Fj. (N, s:) = {c}, while F+, | (N, 1, S;=+1)= {0},
against seniority.

Theorem 8 says that we cannot have consistent allocation rules, under
previous circumstances, fulfilling seniority. Nonetheless, it is possible to have
resources monotonic allocation rules fulfilling seniority. For any problem
{(N, s,)}{_1 € ¢”, and for any agent a€ N =U/_; N, denote ¢(a) the first pe-
riod in which agent a appears in the problem, i.e, {(a)=1if ae€ N;; t(a)= 2 if
a& N, but ae N,, and so on. Now, define a linear order on the set of
agents N, >y such that for all @, be N, if t(a) < t(b)= a >y b. Now, consider
the allocation rule Fsuch that F, (N, s,) = F2 y (N, s,). This rule satisfies senior-
ity by construction. Furthermore, those are the only resources-monotonic
allocation rules fulfilling seniority.

Theorem 9. A resources-monotonic allocation rule I compatible with a station-
ary, resources-monotonic and consistent allocation criterion @ fulfils seniority if for
any problem {(N, s,)}1_\ there exists an order > on the set N =U]_; N, such that if
lla)<i(b)= a>yb, and forallt =1, ..., T, F, (N, s) = FZ y (N, s,).

Proof. We know that for all ¢, there is a linear order, > N,» SO that F;, (N, s,) =
F?_ (N, s,). Consider the set N=U]_; N, and define the order >yon Nas
follows: t(a) < t(b) = a >y b; if t(a)=1(b) =, then a >N, b= a>yb.

It is straightforward to check that >y is a linear order on N, and that
forallt=1, ..., T, F, (N, s)=F2%y (N, s,).

Theorem 9 roughly says that whenever we want to keep seniority in
the allocation rules compatible with anonymous, population-monotonic and
stationary allocation criteria it is by limiting ourselves to allocation rules sat-
isfying resources monotonicity, and furthermore, that, in solving any partic-
ular stream, the selected ordering should respect the arrival order of the
agents.
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4. An Example:
Point Systems

THE construction of types and the way of ordering them is not a trivial
question. In general, types are constructed by considering a finite set of rele-
vant attributes, A. Then, for every attribute a € A, a set of linearly ordered
levels, L(@) = {1%};c j1s considered. That is, 15>, I5if level [/} of attribute « is
considered as more important than level 5. This order can be translated into
J@), so thatforall 4, je J@), i>,jif I3>, 5. A typeis then defined by the
levels of the different attributes, T = (I5),c 4 je - The set of types Y’ can be
identified with I, , J{zr), that is, a type is defined by a vector of levels, one
for each attribute. Ordering types, then, is an aggregation problem that, in
general, suffers from the common difficulties of aggregation procedures.
Whenever some standard properties are asked to be satisfied, we may face
problems of incompatibility between them (see Young, 1994, chapter 2).

A common way of ordering types in this case, or, in other words, of es-
tablishing a priority relation on I, is by using a point system. In a point system,
for every attribute 2 € A, weights are attached to its levels, w/, lj» ], so that for
every a, and every ¢, j€ J(@), w[l}] 2 w[l5]if i> ,j. Then, a number is associa-
ted to every type, by adding up the weights associated to its levels of the dif-
ferent attributes, namely, Wiz ) =X, , w[l’].

For example, suppose that two attributes, gender and age, are consid-
ered as relevant to order the agents in a queue. Women should go before men,
children (below 15 years old) should go before elderly people (over 65),
and elderly people should go before people between 15 and 65. There are
four customers: a, a 35-year-old woman; b, a boy of 10 years; ¢, a 68-year-
old woman, and d, a 70-year-old man. Our first attribute, = age, takes
on three levels: 1§ = below 15; 1% = over 65; 1% = between 15 and 65. The second
attribute, 3 = gender, takes on two levels, 1% = woman, and 13 = man. A point
system in this example is nothing but a set of weights, w(1%), w(1%), w(l%),
w(lf), w(l%), with the condition w(l%) > w(l%) = w(l%); w(l4) = w(l4). If, for in-
stance, we determine that w(l%) =3, w(l3) =2, w(l%) =1, w(lf) =2, w(l%) =1,
then W(a) =1, W(b)=2, W(c) =2, W(d)= 1, namely, b and care in a par, and
should be served before a and d, who also are in a par. If, instead we deter-
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mine that w(l3) =5, w(l3) =2, w(l3) =0, w(l?) =1, w(l%) =0, then W(a)=1,
W(b) =5, W(c)= 3, W(d) =2, and the order of the agents to be served is b, ¢,
d, a.

Any point system defines a priority relation on the set of types, and
consequently, can be used to define anonymous, population monotonic and
pairwise consistent allocation criteria. Point systems have been widely used
for this purpose, as for instance, in the demobilization of american soldiers
in World War II (Stouffer et al., 1949), in the assignation of organs for trans-
plants (see Starlz et al., 1987), or in determining the order for elective sur-
gery (Rodriguez Minguez, Herrero and Pinto, 2004).

It is important to observe that point systems are a good way of con-
structing priority relations only when there are no complementarities
among the various attributes, as in our example before.

Note that, if ¢ is the weak order induced by a point system in I, we
have that for all t, 7" € 1, tot’ & W(r) 2= Wz’), namely, W is nothing but a
utility function for o. Additionally, because of the particular form of this utility
function, it happens that p satisfies the following property:

Separability. For all x € A, for all levels j@), i(x) € J(z), and for all two level
combinations for 8 # a, (j(8))s . 4> (i(B))s+ », if we consider the types 7y, Ty,
T3, Ty, such that, vy = [i@) (i))s » o), Ta = [i(@) (j(B))s 2a)s T5 = [j@) (i(8))s ».],
T4 = [j(@) (GB) )z =], it happens that 7,07, & 7507,

Conversely, any separable weak order on the set of types can be repre-
sented by a point system (Gorman, 1968). In fact, separability implies that
there exist functions W,: J(@) = R such that W, [I5] 2 W, [I5]if i>, j, so
that Wir) =2, 4 W,/I*(t)], but this is nothing else than to say that the func-
tions W,, e A, define a point system. So, the following result holds:

Theorem 9. A weak order o on the set of types 1" can be represented by a point system
iff o is separable in the characteristics.
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5. Final Remarks

IN this working paper we explored the existence of sound procedures to al-
locate a scarce resource in a particular case: when agents demand just one
unit of an indivisible good. This situation arises in many circumstances, as in
the college admission problem or the allocation of grants, when the num-
ber of students demanding the good is larger than the positions or grants
available, the allocation of tickets for a performance, community care for
old people, or in the medical case, the allocation of organs for transplants,
or surgical operations.

Two different situations are considered: static and dynamic. In a stat-
ic problem, we simply face a particular problem, and agents that are not
served do not have the opportunity of having the good later on. In the dy-
namic setting, nonetheless, agents keep waiting to be served at a later pe-
riod of time.

A crucial element in solving the problem is the idea that agents have
different rights to be served first, according to their characteristics. Different combi-
nations of the relevant characteristics amount to define #ypes. Allocation pro-
cedures are impartial whenever they only take into account the agents’ types.
Next, the main problem is how to order types, i.e., to define a priority relation
on the set of types.

Once this problem is solved, we also need a breaking ties rule in or-
der to choose a particular set of agents, in case the ordering of the types is
not enough. Here, some particular order on the set of agents (unrelated to
their type) is called for. In the static setting, in order to fulfill as many nice
properties as possible, it is enough that the breaking ties rule is an ex ante
priority relation on the set of agents.

In the dynamic setting, some sort of stationarity is required: the set of
types, as well as the priority relation on them should be kept fixed across
time; agents’ type should be reevaluated at every period, and finally, the
breaking ties rule should respect the order arrival of the agents.

Previous results (in accordance with what has been considered in
practice) have been justified in the paper from an axiomatic point of view.
As for the way of constructing types and priority relations on them, we also
pointed out the conditions on the characteristics (separability) for a point
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system to properly work. Finally, let us mention that, provided separabil-

ity in the characteristics hold, the most widely acceptable way of eliciting
weights in point systems is by seeking opinions either from the affected
parties, the general population, or from representatives of various concerned
groups (medical experts, hospital administrators, patient groups, etc.). The
problem here is that differences of opinion must be reconciled in order to
arrive at a prioritization that represents some sort of social consensus. Each
particular problem, thus, will need some specific way of treatment.
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